Probability 1 Semester 1 2020/21 Final Exam

Maximum Score: 100 points

1. (15 points) You first throw a fair die, then throw as many fair coins as the number that showed
on the die. Given that exactly 5 heads are obtained, what is the probability that the die showed 57

2. (15 points) Hawa and Associates have two factory lines (I and II) have the same probability of
defectives in their production of fan regulators. Each regulator being defective is independent of
other regulators. Five regulators are sampled from each line and tested. Among the total of 10
tested regulators, 4 are defective. Find the probability that exactly 3 of the defectives came from
line 1.

3. The number of raisins in a small halwa from Aggarwal and Daughters Sweet shop has a Poisson
distribution with A = 3. The number of raisins in different halwas are independent of each other.
Suppose we take two of these halwas

(a) (5 points) What is the probability that each will contain at least one raisin?
(b) (5 points) What is the probability that the two halwas will have a total of at least two raisins?

4. A random variable has the density function

if; <y<l1
otherwise.

fr(y) = { 6’%

5 points) Verify that this can be the density of a random variable.

5 points) Find the cumulative distribution function Fy (y).

5 points) Find the median of Y, i.e. a number ¢ such that P(Y < ¢) = P(Y >¢) = 3.
5 points) Find the expected value E(Y) and the variance Var(Y).
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5. (15 points) Two random variables X and Y have the following joint probability mass function:

| X=-1]|X=0]|X=2

Y=0/|00 0.1 0.1
Y=1]01 0.2 0.0
Y=2|01 0.1 0.3

Find Cov(XY).

6. (10 points) Let X and Y be independent random variables with variances 0% and o3 respectively.
For what value of A does the random variable Z = AX + (1 — A)Y have the smallest variance?

7. (15 points) Two types of coin are produced at a factory: a fair coin and a biased one that comes
up heads 55% of the time. We have one of these coins but do not know whether it is a fair or biased
coin. In order to ascertain which type of coin we have, we shall perform the following statistical
test. We shall toss the coin 1000 times. If the coin comes up heads 525 or more times we shall
conclude that it is a biased coin. Otherwise, we shall conclude that it is fair. If the coin is actually
fair, what is the probability that we shall reach a false conclusion? What would it be if the coin
were biased?
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